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Fig. 6 Comparison of drag and lift coefficients for square and circular
bodies (semi-empirical results).

Conclusions
In order to investigate the effects of the shape of the cross-sections,

two different cases, circular and square with round corners, were
studied in this work using computational and semi-empirical meth-
ods. The results that are mainly in the form of aerodynamic coeffi-
cients show better aerodynamic performance for the square section
missile at different angles of attack. Because the square body, in
comparison with the circular one, causes more lift and a bit less
drag. It is noticeable that although the friction drag is more for the
square case due to its larger surface area, the overall drag of the
square case is somehow smaller than that of the circular case.
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Introduction

I T has been appreciated by aeroelasticians for many years that
results from the V -g or k method of flutter analysis can be difficult

to interpret or even misleading.1−3 The purpose of the present Note
is to consider this difficulty with the k method in an especially simple
setting, that is, with steady-flow aerodynamics. As Pines4 showed
many years ago in a different context, the use of highly simplified
aerodynamics can be especially illuminating. In the special case of
steady-flow aerodynamics and zero structural damping, the principal
result of the present Note shows one way that the V -g or k method
can lead to difficulties. For this special case, a particularly clear
understanding of the nature of these difficulties can be obtained.
This Note adds a modest but new and, the authors believe, helpful
addition to the rich literature on this perplexing issue.

It is well known that k and p methods of calculating flutter speeds
are quite different.5 It is frequently assumed that both methods cal-
culate the same flutter point because at zero damping (sinusoidal
motion) both the methods are mathematically the same.6 Neverthe-
less, the authors have come across cases in which the flutter speed,
as defined by the speed after which the damping measure is neg-
ative (i.e., the real part of the eigenvalue is positive in p method,
and artificial damping is positive in k method) or the speed at which
frequency coalescence occurs, is predicted differently by the two
methods. The inconsistency of the k method in predicting the flutter
speed can be directly observed in systems without viscous damping
(i.e., without forces proportional to velocity) in either the structural
or aerodynamic operators. Such a system is neutrally stable for all
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preflutter speeds. The flutter speed is determined as the speed at
which the system jumps from neutral stability to instability. Thus,
the mathematical uniqueness inherent in systems that evolve from
a state of stability to one of instability via a single point of neutral
stability is lost. It is the aim of this Note to present this seem-
ingly unlikely finding and use this simple example to study the k
method.

The kind of aeroelastic system implied by the preceding restric-
tions is one in which a steady-flow aerodynamic model is assumed.
In such systems the aerodynamic force contribution depends only on
the instantaneous geometric angle of attack. The use of steady-flow
aerodynamics for flutter problems constitutes a relatively simplis-
tic approximation, but such simplified models have been used to
provide an elementary explanation of the flutter problem, as well as
physical insight into it.4,7 In particular, the steady-flow aerodynamic
model is helpful in illustrating the phenomenon of coalescence. Note
that it is not the purpose here to justify the assumption of steady-flow
aerodynamics; rather, it is to use this special case to gain insight into
different flutter solution procedures. With steady-flow aerodynam-
ics, the stability of the system can be easily and directly calculated
by the p method. The k method is not needed for the simple sys-
tem under consideration, but one can represent the problem in the
k-method form. This simple system highlights some differences in
the methods that are not easily observed with complex systems.

The Problem
The aeroelastic system under consideration is a typical airfoil sec-

tion model. Figure 1 shows the airfoil with relevant nomenclature.
Only steady-flow aerodynamic forces are considered (thus affecting
only the stiffness of the system). The system equations of motion
can be written in nondimensional form as8
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where the nondimensional parameters in the preceding equation
can be related to the actual system parameters as = h̄/b,
r 2 = Ip/mb2, σ = ωθ/ωh , ω2

θ = kθ /Ip , ω2
h = kh/m, µ = m/ρ∞πb2,

and V = U∞/bωh , where h is the plunge, θ is the pitch, b is the
semichord, m and Ip are the mass and moment of inertia of the
airfoil, kh and kθ are the plunge and pitch spring stiffnesses, ρ∞
is the freestream density, and U∞ is the flight speed. The nondi-
mensional parameter xθ = e − a, where e and a are nondimensional
offsets from the midchord to the center of gravity and to the elastic
axis, respectively, as shown in Fig. 1, and a nondimensional time
given by τ = ωht is used. For the present numerical calculations
the parameters chosen are σ = √

2, r 2 = 1
3 , a = 0, xθ = 0.25, and

µ = 200.

Flutter Solution: p Method
The equation of motion of the aeroelastic system as just de-

scribed is converted to an eigenvalue problem by letting h̄ = ĥeλt

Fig. 1 Airfoil undergoing pitch–plunge motion.

Fig. 2 Flutter solution using the p method.

and θ = θ̂eλt , thus leading to an eigenvalue problem of the form
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The preceding eigenvalue problem can be solved at various speeds to
obtain λ. The imaginary and real parts of λ give the nondimensional
frequency and damping of the system modes, respectively.

Figure 2 shows the nondimensional frequency and damping vari-
ation of the system as a function of V , the nondimensional flight
speed. The nondimensional flutter speed is found to be VF = 6.086,
the nondimensional flutter frequency is 1.155, and the flutter reduced
frequency is 0.1898.

Flutter Solution: k Method
The k method is based on the assumption of sinusoidal motion for

the aeroelastic system. This assumption is usually needed because
unsteady aerodynamic loads are available only for sinusoidal mo-
tions. The aerodynamic forces can then be represented in terms of
the reduced frequency k. The eigenvalue problem is then obtained
by addition of an artificial, stiffness-proportional damping (forces in
phase with velocity) term so as to account for the imaginary part of
the eigenvalues. The k method eigenvalue problem can be written as
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ĥ

θ̂

}

(3)
The eigenvalue problem can be solved at various values of reduced
frequency k to obtain the nondimensional frequency ω and artificial
damping g. Thus the k method is set up to calculate the stiffness-
proportional damping required to force the system response to be
sinusoidal.

Figure 3 shows the nondimensional frequency and artificial damp-
ing as a function of reduced velocity (1/k) obtained by using the
k method. Using the k method, the flutter instability is predicted
at a reduced velocity of 5.479 and a non-dimensional flutter fre-
quency of 1.077, corresponding to a nondimensional flutter speed
of VF = 5.901. This flutter speed is around 3% lower than that ob-
tained by the p method. The flutter reduced velocity is higher than
that determined from the p method.

Discussion
Clearly the frequency coalescence solutions provided by the two

methods are in disagreement. In what follows some explanations
are provided for this discrepancy.
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Fig. 3 Flutter solution using the k method.

Fig. 4 Comparison of flutter solutions in k space.

Comparison of the Results in k space
Figure 4 compares results for the nondimensional frequency and

damping measures (the latter being the real part of the eigenvalue
for the p method and the artificial damping for the k method) of the
system obtained using the two methods. To do this, the results ob-
tained by the p method are plotted as a function of reduced velocity.
The transformation into k space can be accomplished by relating
speed and the undamped frequency of the aeroelastic mode to the
reduced velocity. Such a plot can also be graphically obtained by
drawing radial lines on the p domain plot (which reflect lines of
constant k). The points at which these lines of constant k intersect
the p method results give the aeroelastic roots for that k.

As can be seen, the p method predicts frequency coalescence at
a lower reduced velocity as compared to the k method. Normally,
when using the complete unsteady aerodynamic loads the damping
is nonzero and positive for low speeds. The flutter point signifies the
transition from a stable, damped response to an unstable response,
given by the point of zero damping. Because for the zero-damping
case both the solutions are equivalent, the same flutter speed is
normally predicted. In the present case though, there is a curve
of zero damping rather than a point of zero damping because the
damping is zero for multiple reduced velocities (from zero to flutter).
As expected, the same zero-damping curve is predicted by both the
solutions, but the two solution procedures predict different points at
which the curve enters the unstable regime.

The reason for the inability of the k method to predict the same
frequency coalescence point as the p method predicts can now be
seen graphically. The p method (plotted in the k domain) predicts
four roots at reduced velocity (1/k) range between 5.269 and 5.479.
To predict a flutter point at the same reduced frequency, the k method

Fig. 5 Comparison of flutter solutions in p space.

would have to predict four modes as well. This is obviously not pos-
sible because only two roots per reduced velocity can be obtained for
the two-degree-of-freedom system using the k method. In this range,
the k method is constrained to predict the zero-damping solution.
Thus, the roots that it will not predict are the postflutter roots.

Comparison of Results in the p Domain
To further explain the anomaly just described, the k solution is

compared to the p solution in the p domain (i.e., plotting results
with respect to the nondimensional flight speed). The results ob-
tained by the k method can be transformed to p space by relating
the reduced frequency and undamped frequency of the aeroelastic
mode to the speed. Figure 5 shows the frequencies and damping
measure of the system obtained by both methods as a function of
the nondimensional speed. It is again clear that the k method predicts
the same zero-damping solution curve as the p method but a lower
nondimensional speed at which frequency coalescence occurs. Also
the k method predicts four solutions at nondimensional speeds be-
tween 5.901 and 6.086, two on the zero-damping curve (different
frequencies but zero damping) and two after frequency coalescence
(same frequency but positive and negative damping).

To understand the solution given by the k method, one needs to
understand the underlying assumptions of its solution methodology.
The k method eigenvalue problem is posed such that if the eigen-
value is real then it denotes a frequency of the system. If, however,
the eigenvalue is complex, then there is in general no connection
between these complex eigenvalues and the actual eigenvalues of
the system (i.e., those predicted by the p method). But the eigen-
values still do indicate some aspects of the system behavior, that is,
the imaginary part of the eigenvalue gives the stiffness proportional
damping to be applied to the system to make it neutrally stable.

The preceding explanation implies that the g predicted by the
k method is the damping required to be added to the system for
it to undergo simple harmonic oscillation (neutral stability). For
nondimensional speeds between 5.901 and 6.086 (refer to Fig. 5), the
k method predicts four roots for the two-degree-of-freedom system.
Two roots have zero g, one has positive g and one has negative g.
The two zero-g roots imply that no structural damping is required
to maintain simple harmonic motion; and, thus, it predicts that the
system is neutrally stable. On the other hand, the positive-g root
implies that there exists a positive damping of a certain magnitude
which, when added, makes the system neutrally stable. This then is
usually taken to mean that if such a positive damping is not provided
then the real system will be unstable. The last statement is the weak
link in the interpretation of the k results. If a system needs damping
to be neutrally stable, then it is in general not true that the system
would be unstable without this damping.

To gain better insight into the actual behavior, a case of V = 6
is chosen, which is in between the frequency coalescence points of
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Fig. 6 Effect of proportional damping on the stability characteristics
of the airfoil.

the p and k solutions. For this case the system is neutrally stable (as
predicted by the p method and ambiguously by the k method). Now
stiffness-proportional viscous damping is added, and the system
is solved using the p method. Figure 6 shows the change in the
eigenvalues of the system with c (damping proportionality factor)
ranging from c = 0 to 0.2, with 0.01 increments in c denoted by the
cross marks. Here it is clear that even for positive structural damping
one of the roots becomes unstable for a while and then becomes
stable. Hence, there exists a value of g, which, if added, causes
the system to return to neutral stability. The k method does predict
correctly this second value of c (apart from c = 0) for which the
system is neutrally stable. This insight provided by the k method is
important because in realistic problems there is a distinct possibility
of small structural damping where the k method accurately predicts
the possibility of instability.

The reason for small stiffness-proportional damping to lead to
destabilization of the system might be surprising at first, but such a
destabilizing effect of damping has been shown in various previous
works.9,10 The instability of an aeroelastic system can be attributed
to the extraction of energy from the flow.11 The rate of energy ex-
traction depends on the aeroelastic mode shape (phase relationship
between the pitch and plunge). Now, addition of damping can help
remove some energy from the structure, but it can also change the
aeroelastic mode shape. This change in the mode shape can lead to an
increase in the rate of energy extraction. If the increase in the rate of
energy extraction as a result of the phase change caused by the added
damping is more than the rate of energy removal as a result of damp-
ing, then the damping leads to an increase in the margin of instability.

Conclusions
The p and k methods predict different frequency coalescence

points (flutter speeds) for the problem considered, which is to say
that the k method predicts an incorrect flutter speed. However, this
has nothing to do with accuracy of either method. Instead, the meth-
ods provide solutions to different problems, and thus the solutions
obtained from the methods have different interpretations. Because
the primary interest is the flutter speed of the system, it is more
relevant to consider the evolution of the system roots as a function
of flight speed rather than reduced velocity. The point remains that
both the methods have potential for insight into a given aeroelastic
problem if the results are correctly interpreted.
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Effects of Active and Passive
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Introduction

E FFECTS of dynamic stall are regarded as aerodynamically and
structurally deleterious. Dynamic stall has been observed on

the retreating blades of helicopters, wind turbines, and on rapidly
pitching aircraft. Indicators of this stall mechanism are an extension
of the linear portion of the lift curve followed by a significant and
nonlinear lift overshoot. The vortical structure associated with these
effects also induces large pitching-moment fluctuations associated
with its advection over the wing surface. Generally, the largest lift
overshoot is associated with the dynamic-stall vortex (DSV) located
at the midchord position, whereas the largest moment excursion oc-
curs with DSV passage over the wing trailing edge.1 Experimental
evidence suggests that the convection velocity of the DSV is to
first-order constant (at approximately 1

3 of the freestream) and is
independent of pitch rate or airfoil shape.1 Four mechanisms have
been suggested as causative in DSV formation2: 1) bursting of the
leading-edge laminar separation bubble, 2) transonic flow near the
leading edge, 3) separation of the turbulent flow following closure of
the laminar separation bubble, and 4) reverse flow near the leading
edge stemming from the upstream penetrating reverse layer associ-
ated with trailing edge stall.
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